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Abstract.  The  instability  of  (quasi)  de  Sitter  spacetime  from  quantum  gravitational 
effects  has  been  discussed  in  many  works.  Especially,  the  gravitational  backreaction 
from  quantum  energy  momentum  tensor  is  crucial  for  understanding  the  low-energy 
description  of  quantum  gravity  and  sometimes  destabilize  the  spacetime.  In  this  paper 
we  discuss  the  (quasi)  de  Sitter  instability  from  gravitational  backreaction  involving 
quantum  conformal  anomaly.  The  conformal  or  trace  anomaly  corresponds  to  the 
quantum  gravitational  contributions  of  the  massless  conformal  fields  and  affects  the 
spacetime  homogeneously.  First,  we  derive  the  conformal  anomaly  using  the  adiabatic 
(WKB)  approximation  and  discuss  the  renormalization  of  the  quantum  energy  momen¬ 
tum  tensor.  Then,  we  consider  the  dynamics  of  the  Hubble  parameter  based  on  the 
semiclassical  Einstein’s  equations  including  the  cosmological  constant,  the  conformal 
anomaly  and  the  higher-derivative  terms.  We  have  clearly  shown  that  the  classical  de 
Sitter  attractor  Hq  ~  -y/A/3  are  generally  unstable  from  the  viewpoint  of  the  semiclas¬ 
sical  gravity  and  the  inflation  is  destabilized  except  for  the  specific  conditions.  Unless 
the  fine-tuning  of  the  conformal  anomaly  and  the  higher  derivative  terms,  the  inflation 
finally  becomes  the  Planckian  inflation  with  the  Hubble  scale  H  «  Mp  =  ^1/8ttGn 
or  terminates  H(t)  — >  0.  The  latter  case  suggests  that  the  cosmic  inflation  could  not 
last  long  and  the  eternal  inflation  scenarios  are  strongly  constrained. 
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1  Introduction 

The  modern  gravitational  physics  is  mainly  based  on  classical  Einstein’s  theory.  How¬ 
ever,  sometimes  in  early  Universe  and  black  hole  physics,  we  face  a  necessity  to  properly 
handle  quantum  gravitational  phenomena.  In  principle,  the  quantum  phenomena  in¬ 
volving  gravity  should  be  discussed  in  the  framework  of  quantum  gravity  (QG)  theory 
where  metric  is  also  quantized  together  with  matter  fields.  However,  there  has  been 
a  notorious  problem  to  devise  a  consistent  theory  of  QG  and  we  have  no  complete 
solution  [1-3].  As  the  most  important  and  well-known  approximation  of  QG,  the  semi- 
classical  gravity  where  only  matter  fields  are  quantized,  but  metric  is  treated  as  a 
classical  background,  provides  a  satisfactory  description  [4]  and  there  are  many  suc¬ 
cessful  examples.  Especially,  including  backreaction  effects  of  the  quantum  fluctuations 
onto  the  spacetime  is  crucial  for  understanding  the  quantum  nature  of  the  gravity  and 
the  evaporation  of  the  back  hole  [5]. 

The  effective  action  of  gravity  is  defined  through  the  path  integral  over  the  set  of 
all  matter  fields  (ft  including  ghosts  and  the  gravity  field  g^, 

e‘r='w=/^‘s'^'  (L1) 

where  the  classical  action  S  [(ft,  gfiv\  [6|  is  formally  defined  by  S  [(ft,  g MI/]  =  Suavity  [gliV\  + 
^matter  [0,  9fiu]  including  all  matter  fields  (ft,  their  couplings  and  the  metric.  The  semi- 
classical  gravity  has  no  unitary  problem  about  the  gravitational  A-matrix  [7]  since  the 
gravity  is  not  quantized.  However,  the  renormalization  of  the  effective  action  requires 
the  Einstein-Hilbert  action  including  a  cosmological  constant, 

Sen  =  J  dAx^~g  (R  +  2A),  (1.2) 
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and  the  high-order  gravitational  action 


SHg  =  ~  J  d4xy/^g  (aiF  +  a2E  +  asDR),  (1.3) 

where  01,02,03  are  high-order  derivative  couplings.  Note  that  Shg  should  be  required 
to  have  a  renormalizable  theory  in  curved  spacetime.  E  is  the  Gauss-Bonnet  invariant 
term  and  F  is  the  square  of  the  Weyl  tensor  defined  by  the  Riemann  curvature  tensor 
Rfj,VK a,  the  dual  Riemann  curvature  tensor  *RflUK\  =  e^apR^3 kA/2  and  the  Weyl  tensor 

E  =  *R,wkx*Riu'kX  =  R^kxR^kX  -  4 +  R\  (1.4a) 

F  =  CiavkXC'u'kX  =  R^xR^x  ~  2 R^v  +  l-R\  (1.4b) 

The  principle  of  least  action  with  respect  to  the  total  action  yields  general  Einstein’s 
equations  properly  dealing  with  the  quantum  effects  below  the  Planck  scale, 

8ttGn G,1V  +  a2 Hfu  +  a3 Hja)  =  {T^ v) ,  (1-5) 

where  =  R^u  —  | Rg ^  is  the  Einstein  tensor  and  p\  =  A/87 tGn  dehned  by  the 
cosmological  constant  A,  R^v  and  R  are  the  Ricci  tensor  and  scalar,  H^J ,  Hfc)  or 
H$  are  covariantly  conserved  tensors  and  (T/w)  is  the  vacuum  expectation  values  of 
the  energy  momentum  tensor  T^w.  Note  that  the  quantum  energy  momentum  tensor 
deforms  the  background  spacetime:  (T^)  =>■  g,JiV .  The  vacuum  expectation  values 
of  the  energy  momentum  tensor  ( T include  quantum  radiative  corrections  and  also 
gravitational  particle  production  effects  in  curved  spacetime  [4],  The  quantum  energy 
momentum  tensor  (T^)  strongly  affects  the  background  spacetime  and  the  quantum 
backreaction  on  the  metric  gjiu  comes  from  these  twofold  effects. 

The  gravitational  backreaction  from  the  quantum  energy  momentum  tensor  (TM„) 
is  crucial  for  understanding  the  low-energy  description  of  QG  and  sometimes  destabi¬ 
lize  the  background  spacetime.  For  instance,  the  instability  of  de  Sitter  spacetime  has 
been  discussed  based  on  the  quantum  particle  creations  of  minimally  coupled  mass¬ 
less  scalar  or  graviton  [8-32]  and  the  thermal  feature  of  cosmological  horizon  [33  43] 
The  continuous  particle  production  or  purely  thermodynamic  description  of  de  Sitter 
spacetime  imply  that  de  Sitter  spacetime  might  not  be  stable.  However,  the  instability 
of  the  de  Sitter  spacetime  is  inconsistent  with  the  naive  consideration  and  has  been 
still  under  debate  [44-50]. 

In  the  present  paper  we  discuss  the  de  Sitter  instability  from  quantum  back- 
reaction  involving  the  conformal  anomaly  [51-54],  The  conformal  or  trace  anomaly 
corresponds  to  the  quantum  contributions  of  the  massless  conformal  particles  and  one 
of  the  most  interesting  phenomena  of  the  quantum  held  theory  (QFT)  in  curved  space- 
time  [55].  Famously,  the  conformal  held  theory  (CFT)  such  as  the  electromagnetism  or 
the  conformally  massless  scalar  held  theory  has  the  vanishing  trace  of  the  stress  tensor 
classically:  T/J'x  =  0.  But,  the  vacuum  expectation  values  of  the  stress  tensor 
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becomes  non-zero  and  the  classical  property  disappears  in  the  QFT.  The  general  form 
of  conformal  anomaly  for  four  dimensions  in  curved  spacetime  is  given  by  [4,  51-54]: 

(TI‘»),^  =  bF+b’E+‘:nR’  (L6) 

where  b ,  b'  and  c  are  dimensionless  parameters  originating  from  massless  conformally 
covariant  fields  with  different  spin  values.  The  derivation  of  the  conformal  anomaly  us¬ 
ing  the  dimensional  regularization  [6] ,  the  point-splitting  [56]  and  ^-regularization  [57] 
lead  to  the  definite  results  except  for  the  coefficient  of  the  OR  term.  The  ambiguity  of 
conformal  anomaly  comes  from  the  parameter  c  which  is  regularization-scheme  depen¬ 
dent  and  also  gauge  dependent.  The  geometric  properties  of  the  conformal  anomaly 
undoubtedly  add  the  higher-derivatives  corrections  to  the  ordinary  Einstein  equations 
although  the  regularization  ambiguity  reduces  the  self-consistent  description  about  the 
quantum  backreaction. 

First,  in  this  paper  we  consider  adiabatic  (WKB)  approximation  for  the  confor¬ 
mally  massless  fields  and  derive  the  conformal  anomaly  in  this  method.  We  clearly 
show  that  the  derivation  of  adiabatic  (WKB)  approximation  reduces  the  ambiguity  of 
the  conformal  anomaly  and  it  becomes  more  physical  than  any  other  regularization  for¬ 
malism  by  considering  the  adiabatic  vacuum  |0)A.  After  review  and  several  discussions 
of  the  conformal  anomaly,  we  investigate  how  the  gravitational  backreaction  involving 
the  conformal  anomaly  detribalizes  the  (quasi)  de  Sitter  spacetime.  The  conformal 
anomaly  has  a  nontrivial  impact  on  the  spacetime  and  has  been  widely  discussed  in 
many  context.  For  instance,  the  conformal  anomaly  can  relax  a  big  bang  or  crunch 
singularity  of  the  Friedmann- Lemaitre- Robertson- Walker  (FLRW)  spacetime  [58,  59]. 
It  has  been  argued  that  the  conformal  anomaly  potentially  provide  a  dynamical  so¬ 
lution  of  the  cosmological  constant  problem  [60-66].  As  the  another  application,  the 
conformal  anomaly  can  provide  the  satisfactory  scenario  of  the  inflation.  Originally, 
Starobinsky  [67]  introduced  that  the  conformal  anomaly  can  be  a  source  of  the  cosmic 
de  Sitter  stage.  Subsequently,  this  theory  has  been  established  as  so-called  anomaly 
induced  inflation  [68-71]  from  a  more  modern  point  of  view.  Based  on  these  works 
we  investigate  the  stability  of  the  de  Sitter  spacetime  with  the  conformal  anomaly, 
the  higher-derivative  terms  and  the  cosmological  constant  in  more  detail.  We  clearly 
showed  that  the  cosmological  constant  A  does  not  determine  the  ultimate  dynamics  of 
the  spacetime  except  for  the  initial  behavior.  We  focus  on  the  CFT,  but  the  generaliza¬ 
tion  is  not  difficult.  Our  results  suggest  that  the  classic  de  Sitter  spacetime  dominated 
by  A  is  not  stable  from  the  viewpoint  of  the  semiclassical  gravity  and  the  cosmic  infla¬ 
tion  is  generally  destabilized  except  for  the  specific  conditions.  Unless  the  fine-tuning 
of  the  conformal  anomaly  and  the  higher  derivative  terms,  the  initial  inflation  finally 
becomes  the  Planckian  inflation  with  the  Hubble  scale  H  &  Mp  =  \J1/8tiGn  or  ter¬ 
minates  H(t)  — >  0.  This  fact  suggests  that  cosmic  inflation  should  not  last  long  and 
some  scenarios  of  eternal  inflation  must  be  revisited. 

The  present  paper  is  organized  as  follows.  In  Section  2,  we  review  some  technical 
difficulties  of  the  renormalization  of  the  quantum  energy  momentum  tensor  and  discuss 
the  adiabatic  (WKB)  approximation  for  the  conformally  massless  scalar  held.  We 
consider  the  regularization-scheme  dependence  of  the  conformal  anomaly  and  clearly 
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show  the  ambiguity  can  be  reduced  in  the  adiabatic  approximation.  In  Section  3, 
we  consider  the  stability  of  the  de  Sitter  spacetime  with  the  conformal  anomaly  and 
the  higher- derivative  terms.  We  clearly  show  that  the  classic  de  Sitter  spacetime  is 
generally  unstable  and  the  inflation  rolls  down  to  the  Planckian  stage  or  terminates. 
We  clearly  showed  that  the  cosmological  constant  does  not  determine  the  ultimate 
dynamics  of  the  spacetime  except  for  the  initial  behavior.  In  Section  4,  we  discuss  the 
cosmological  application  of  the  de  Sitter  instability  considered  in  previous  Section  3 
and  especially  focus  on  eternal  new  inflation  or  chaotic  inflation.  Finally,  in  Section  5 
we  draw  the  conclusion  of  our  work. 

2  Gravitational  backreaction  from  conformally  scalar  field 

Let  us  consider  quantum  gravitational  effects  in  the  early  Universe.  In  order  to  consider 
the  gravitational  backreaction  involving  quantum  conformal  anomaly  quantitatively, 
we  give  a  brief  review  of  the  renormalization  issues  of  the  quantum  energy  momen¬ 
tum  tensor  and  discuss  the  adiabatic  (WKB)  approximation  for  conformally  massless 
scalar  held.  Here,  we  derive  the  conformal  anomaly  using  the  adiabatic  approximation 
and  clearly  show  that  the  conformal  anomaly  obtained  by  this  formulation  is  more 
simple  than  any  other  regularization.  Although  the  conformal  anomaly  includes  a  reg¬ 
ularization  dependent  parameter  c,  the  ambiguity  of  the  conformal  anomaly  for  the 
coefficient  of  the  □/?,  term  can  be  removed  by  considering  the  adiabatic  vacuum  |0)A 
and  its  formulation. 

Let  us  assume  the  matter  action  for  the  conformally  coupled  scalar  held  0  in 
curved  spacetime, 

s  =  J  dAx^g  f-^g^d^d^  -  ^  fm2  +  (j)A  ,  (2.1) 

which  lead  to  the  Klein-Gordon  equation  given  as 

□0  -  ^m2  +  ^0  =  0,  (2.2) 

where  □  =  gtlv'VllVv  express  generally  covariant  d’Alembertian  operator.  The  energy 
momentum  tensor  can  be  given  by  [72] 

=  =  2^m0^0  —  9p<pda(j) 

+  ^0D0  -  ^G^4>2  +  ^m25fAtI/02, 

and  the  trace 

n  =  m202,  (2.4) 

which  is  exactly  zero  when  m  — >  0.  Thus,  the  conformally  massless  scalar  held  has  the 
vanishing  trace  of  the  stress  tensor  classically. 


-0VAtV„<; 


(2.3) 
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2.1  Adiabatic  (WKB)  approximation  for  conformally  scalar  field 

Let  us  consider  flat  Friedmann-Lemaitre-Robertson- Walker  (FLRW)  spacetimes  where 
the  metric  is  given  by  g/i;,  =  diag  (— 1,  a2  (t) ,  a2  (t)  r2,  a 2  (t)  r2  sin2  6 )  and  assume  that 
a(t)  is  the  scale  factor  of  the  Universe  and  t  is  the  cosmic  time.  Next,  let  us  decompose 
the  scalar  field  (ft  (77,  x)  into  the  classic  part  and  the  quantum  part  as 

<f>(v,x)=<ft(r})  +  8(ft(ri,x),  (2.5) 

where  77  is  the  conformal  time  defined  by  dr]  =  dt/a.  The  vacuum  expectation  value 
(VEV)  of  the  scalar  field  satisfy  <ft(rj)  =  (0\(ft(r],x)  |0)  and  (0|  S(ft(r],x)  |0)  =  0.  The 
quantum  field  5(ft  (77,  x)  can  be  decomposed  into  each  k  modes  as  follows: 

S(ft  (■ r] ,  x)  =  I  d?k  (ak8(ftk  (rj,  x)  +  a\8(ft*k  (77,  x)) ,  (2.6) 

where  we  introduce, 


5(t>k  =  /O  N3/2  /7TT^5X  ^  ’  (2-7) 

(2vr)  '  V C  (v) 

and  C  (77)  =  a 2  (77).  The  quantum  mode  function  8\  (77,  k)  satisfies  the  second-order 
differential  equation  which  is  given  by, 

dx"  {v,  k)  +  uj2k  (77)  Sx  (rj,  k)  =  0,  (2.8) 

where  prime  express  the  differential  with  respect  to  the  conformal  time  77  and  Lk>\  (77)  = 
k2  +  C  (77)  m2 .  The  mode  function  (di  k)  should  satisfy  the  Wronskian  condition, 

Sx  (v,  k)  Sx*  (v,  k)  -  Sx*  (77,  k)  Sx  (v,  k)  =  i.  (2.9) 

which  ensures  that  the  canonical  commutation  relations.  The  canonical  commutation 
relations  for  the  field  operator  8x  are  given  by, 

[<*fc,  ak']  =  [4,  4']  =  0,  [ak,  4/]  =  S  (k  -  k') .  (2.10) 

In  curved  spacetime  the  vacuum  state  annihilated  by  all  the  operators  ak  is  determined 
by  the  choice  of  the  mode  functions.  However,  solving  Eq.  (2.8)  is  analytically  impos¬ 
sible  and  we  usually  adopt  a  reasonable  or  continental  approximation.  The  adiabatic 
(WKB)  approximation  to  the  mode  function  (77,  k)  is  written  by  [73]: 

Sy  (1 7,  k)  =  ,  1  =  (at  ■  e-i/HMi)*!  +  a  .  eU» (2.11) 

where  ak  and  (3k  are  coefficients  satisfying  the  following  condition 

|afc|2-|Ac|2  =  l-  (2.12) 
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From  Eq.  (2.8)  the  adiabatic  function  Wk  (rj)  must  satisfy  the  differential  equation  [72], 


1  Wj  3  (wtf\ 

2  Wk  4  W'l  ) 


(2.13) 


which  is  analytically  impossible  to  solve.  But  if  the  background  is  slowly  changing 
and  the  adiabatic  (WKB)  conditions  >  0  and  \oj'k/col\  -C  1)  are  satisfied,  we 
can  obtain  the  adiabatic  solution  by  solving  iteratively  Eq.  (2.13).  The  lowest-order 
adiabatic  solution  is  given  by  [72]: 


W, 


(o) 


=  ^l 


The  first-order  adiabatic  solution  is  given  by 


Wi 


(!)V  -  ,  ,2 


=  uk~- 


W, 


(0) 


2  wf 


3 

+  4 


W, 


(o )' 


W, 


(o) 


=  OA 


1  m2C"  1  mAC 2 

+ 


4  w. I 


16  ul 


For  the  high-order  adiabatic  solution,  we  obtains  the  following  expression 

jj-r  m2C  (  ,  ~  bmAC2D2 

Wk  —  ujk  [D  +  D2)  + 


8  <4 


32a5 


+ 


m2C 
32 !^f 
mAC2 


128 u7k  V 
221m6C3 


D"'  +  AD'D  +  3D'2  +  6  D'D2  +  D 


( 28  D"D  +  19  D’2  +  122  D'2  +  A7D1 


+  ^r(D'D2+D^ 


1105  m8C*D4 

2048a31 


+ 


(2.14) 


(2.15) 

(2.16) 


(2.17) 


where  D  =  C'  jC .  Ref.  [73]  argued  that  the  mode  function  with  ak  —  1  and  j3k  =  0  is 
a  reasonable  choice  for  a  sufficiently  slow  and  smooth  background, 


5x  (v,  k )  = 


.  p-i  Swk{'n)d'n 


(2.18) 


MWCH 

which  defines  so-called  adiabatic  vacuum  |0)A  annihilated  by  all  the  operators  ak, 

&k  |0)A  =  0.  (2.19) 


Note  that  for  a  static  flat  background  the  mode  function  5\  (?/,  k)  becomes  a  positive 
frequency  solution  with  no  adiabatic  terms  Wk  =  uik  and  the  adiabatic  vacuum  reduces 
to  the  ordinary  Minkowski  vacuum  |0)M.  For  massless  conformal  coupled  fields  there 
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is  no  quantum  particle  creation  with  respect  to  the  adiabatic  vacuum  |0)A.  However, 
if  we  allow  the  vacuum  transition  from  the  Minkowski  vacuum  |0)M  to  the  adiabatic 
vacuum  |0)A,  we  can  recognize  that  the  background  space  produces  massless  particles 
and  interpret  the  anomaly  term  of  Eq.  (2.29)  as  a  contribution  of  the  gravitational 
particle  creations.  Note  that  the  physical  interpretation  of  the  quantum  conformal 
anomaly  is  non-trivial,  but  it  affects  the  dynamics  of  the  spacetime  [67]. 

2.2  Renormalized  energy  momentum  tensor  and  quantum  conformal  anomaly 

The  vacuum  expectation  values  (T/t„)  of  the  energy  momentum  tensor  for  the  mode 
function  8\  (d,  k )  are  given  by 


(TA  —  3 

f  dkk2 
1  dkk2 

U,/  I2  _l_  ,.,2IA,,.  I2 

{  uu)  4t t2C  (rj)  J 

(TV  \  —  1 

I'-'A  k  1  1 

Cm2\Sxk\2 

u  Ak  | 

\  a*/  27 t2C2  (p) 

5 

(2.20) 


which  satisfy  the  relation  Ta  =  1/3  (Too  —  C  (rj)  TM  ).  The  energy  momentum  tensor 
express  the  energy  density  p  =  (Too)  /C  (v)  and  the  pressure  p  =  (Ta)  /C  (rj).  The 
vacuum  expectation  values  (T/ v)  of  the  energy  momentum  tensor  are  written  by  the 
adiabatic  approximation  [72]: 


{T„„)  = 


dkk 2 


8tt2C  (rj) 

7 C3m6  ,d,d2  +  _  105C4m8D4 


2a*  +  C]y4f2  _  CW  [W,D  _  d,2  +  4D,D2  +  Di) 


16  co5k 


64  ul 


<n>  = 


64  col 

1 


4n2C2  (p) 
C2m4 


dkk2 


1024 a;41 

Cm2  C2m 4  .  .  ~  5 C3m6D2 

+  ^{D  +  D-)-^r- 


Uk 


8  <4 


(Dm  +  4  D"D  +  3D'2  +  6D'D 2  +  D4) 


32  ul 

(28 D"D  +  21 D'2  +  126 D'D2  +  49T>4)  -  2310  ™  (D’D2  +  D4) 
128 u9k  V  ’  256 a;44  V  ’ 

1155  C5m10D4 

2048a;43 


(2.21) 


In  order  to  deal  with  the  renormalization  of  the  quantum  energy  momentum  tensor 
(T/j,)  in  curved  spacetime,  the  adiabatic  expansion  must  be  performed  up  to  the  fourth 
order  [72],  However,  the  high-order  adiabatic  terms  are  finite  and  the  divergences  of 
the  energy  momentum  tensor  originate  from  the  lowest-order  adiabatic  term 

(T)o) diverge  =  ^  j  dkk2UJk,  (2.22) 
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Adopting  the  dimensional  regularization  1  the  lowest-order  adiabatic  term  of  the  energy 
momentum  tensor  can  be  regularized  as  follows: 
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The  regularized  vacuum  expectation  values  of  (T00)  the  energy  momentum  tensor  in 
curved  spacetime  are  written  as 
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(2.24) 


where  the  high-order  adiabatic  terms  are  finite  and  correspond  to  the  gravitational 
particle  creation  effects  in  curved  spacetime.  The  lowest-order  adiabatic  term  has  the 
same  UV  divergent  structure  as  the  expressions  of  the  Minkowski  vacuum  |0)M  and 
we  can  remove  these  contributions  renormalizing  the  gravitational  coupling  constants 
in  the  Einstein  equation.  Thus,  the  adiabatic  (WKB)  approximation  is  the  powerful 
method  to  obtain  the  renormalized  energy  momentum  tensor. 

The  general  Einstein’s  equations  with  the  vacuum  expectation  values  of  the  energy 
momentum  tensor  are  given  by 

Q  n  Goo  +  Pa9oo  +  a^o  +  a2^oo'*  +  a3-^ci(f  =  (^oo)  >  (2.25) 

07r(jrN 


where: 

=  2  —  2  g^OR  —  -g^R2  +  2  RR^U, 

H(2J  =  2VaV^“  -  UR^W  -  ^g^DR  -  ]^g^RagRap  +  2 Rp^RpVl 
=  - H(1)  +  4  H(2) 

±J-  fiv  -  1  [iv  J 

where  G MI/  =  —  \Rg^v  is  the  Einstein  tensor  and  p\  =  A/8ttGn.  The  unphysical 

divergences  of  the  energy  momentum  tensor  are  absorbed  by  the  counter  terms  5G n, 

1  The  divergent  momentum  integrals  are  simplified  as 


Tln  \=  (  d*k  1  -  f  d3k  1 

’  J  (27r)3Wfc  J  (2n)3  (k2  +  a2m2)n/2  ' 


We  regulate  these  integrals  of  the  spatial  dimensions  3  —  2e  as 
I  (e,  n)  = 
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6p\,  5ciit 2,3  of  the  gravitational  couplings  as  follows  [74]: 
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Thus,  the  renormalized  energy  momentum  tensor  (Too)ren  can  be  written  as 
m4C  /  m2  3\  m2D 2  1 


(Too)ren  - 
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The  first  part  originates  from  the  lowest-order  adiabatic  term  of  (Too)  which  is  renor¬ 
malized  by  the  cosmological  constant  term  p\.  On  the  other  hand,  the  second  parts 
originating  from  the  high-order  adiabatic  terms  express  the  quantum  gravitational  con¬ 
tributions  on  curved  spacetime.  Although  there  are  no  ambiguity  about  existence  of 
the  renormalized  energy  momentum  tensor  ,  there  is  some  ambiguity  about  the 

renormalized  expressions  (TMI/)  .  The  ambiguity  in  various  methods  is  closely  related 
with  what  to  take  the  vacuum  and  how  to  determine  gravitational  particle  productions 
rather  than  the  regularization  of  the  UV  divergences  [4].  Thus,  taking  the  adiabatic 
approximation  for  the  mode  function  and  the  adiabatic  vacuum  |0)A  gives  a  definite 
expression  for  the  renormalized  energy  momentum  tensor  ( T \iu)rcn- 

Let  us  consider  the  trace  of  the  vacuum  expectation  values  (T^)  of  the  energy 
momentum  tensor, 
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The  renormalized  trace  of  the  quantum  energy  momentum  tensor  is  given  by 
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D'D2)  . 


The  anomaly  term  of  Eq.  (2.29)  is  consistent  with  using  dimensional  regularization  [52, 
53]  and  is  equal  to  a2(x)/167r2  [6]  where  a,2(x)  is  a  coefficient  of  the  DeWitt-Schwinger 
formalism.  The  conformal  anomaly  is  given  by  the  massless  limit  of  Eq.  (2.29) 
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\  rf  anomaly  m— >-0  '  ^'ren 
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where  we  used  the  relations  for  the  flat  FLRW  spacetime 

C,llJfiXC^x  =  R^kXR^kX  -  2 R^RT  +  l-R2  =  0.  (2.31) 

Generally,  the  renormalized  expressions  for  conformal  anomaly  includes  regularization- 
scheme  dependent  parts.  However,  the  adiabatic  approximation  systematically  removes 
UV  divergences  and  gives  a  definite  expressions.  In  this  sense,  the  conformal  anomaly 
of  Eq.  (2.30)  has  no  ambiguity  if  the  adiabatic  vacuum  |0)A  is  appropriate  for  cosmo¬ 
logical  situation  and  we  can  interpret  the  conformal  anomaly  as  the  quantum  gravi¬ 
tational  effects.  Note  that  Eq.  (2.30)  is  consistent  with  the  results  from  the  effective 
action  Teff  [g^\  of  gravity  [6]  in  the  dimensional  regularization.  On  the  other  hand  the 
adiabatic  regularization  leads  to  the  wrong  sign  of  the  conformal  anomaly  [72],  That 
originates  from  the  subtraction  of  the  adiabatic  mode  function  [72], 

(n>_„  =  <n>  -  U“<n> 

=  960 W2  (D"  “  D  L>P  (2  32) 

=  _360(4jr)2B  +  180(4ir)2™' 


The  adiabatic  regularization  [72-77]  is  the  powerful  method  to  obtain  the  renormalized 
energy  momentum  tensor,  but  it  is  not  appropriate  for  deriving  a  concrete  expression  of 
the  conformal  anomaly  since  the  mode  functions  of  the  conformal  fields  already  satisfy 
the  adiabatic  condition  [4],  By  using  the  adiabatic  (WKB)  approximation  for  massless 
fermions  [78,  79]  we  obtain  the  following  expression  for  the  conformal  anomaly, 
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The  conformal  anomaly  for  the  gauge  field  in  adiabatic  expansion  is  given  by  [80]: 


L  \  gauge  boson 
anomaly 


62  [R^ -  (18  +  15  log£)OR 

62  (18 +  15  logQ 

360(4tt)2  180(4tt)2 


(2.34) 


where  £  is  a  gauge  fixing  parameter  defined  by  the  covariant  gauge  fixing  term  [80]: 


(2.35) 


The  gauge  dependence  of  Eq.  (2.34)  exists  in  the  DeWitt-Schwinger  expansion  formal¬ 
ism  [81-83] .  The  adiabatic  expansion  or  regularization  reproduce  the  gauge  dependence 
of  the  □/?,  term  which  has  also  the  regularization-scheme  dependence.  However,  the 
gauge  fixing  parameter  can  be  removed  by  the  the  gravitational  coupling  constants  in 
the  Einstein  equation,  and  therefore,  from  here  we  drop  the  gauge  fixing  parameter  £. 
Now,  we  point  out  that  the  adiabatic  expressions  for  the  conformal  anomaly  precisely 
matches  the  expression  derived  by  the  effective  action  Tefr  [g^v]  with  the  dimensional 
regularization  [6]. 

3  De  Sitter  spacetime  instability  from  conformal  anomaly 

In  this  section  we  discuss  the  de  Sitter  instability  from  quantum  backreaction  involving 
the  conformal  anomaly  [51,  52],  The  nontrivial  effect  of  the  conformal  anomaly  on  the 
spacetime  has  been  widely  discussed  in  literature.  For  instance,  the  FLRW  spacetime 
with  the  conformal  anomaly  can  reduce  a  big  bang  singularity  [58,  59].  The  genuine 
non-locality  of  the  conformal  anomaly  homogeneously  influences  the  dynamics  of  the 
universe.  Thus,  it  has  been  argued  that  the  conformal  anomaly  could  have  an  effect  on 
the  dark  energy  or  the  cosmological  constant  problem  [60-66].  And  also,  the  conformal 
anomaly  can  provide  the  quantum  source  of  the  inflation.  Originally,  Starobinsky  [67] 
introduced  that  the  conformal  anomaly  lead  to  the  de  Sitter  solution  of  the  spacetime. 
Subsequently,  this  theory  has  been  improved  as  the  anomaly  induced  inflation  [68-71]. 
Here,  we  focus  on  the  stability  of  de  Sitter  spacetime  involving  the  conformal  anomaly 
and  clearly  show  that  higher-derivative  terms  from  the  conformal  anomaly  destabilize 
the  background  spacetime.  Our  results  reproduces  some  results  of  the  literature  [67— 
71],  but  we  clearly  show  that  the  cosmological  constant  does  not  determine  the  ultimate 
dynamics  of  the  spacetime  except  for  the  initial  behavior.  The  results  suggest  the  de 
Sitter  spacetime  instability  from  the  semiclassical  gravity  and  the  cosmic  inflation 
should  not  last  long  for  the  specific  conditions.  The  cosmological  application  of  the  de 
Sitter  instability  will  be  discussed  in  the  later  Section  4. 

Our  analysis  is  based  on  the  semiclassical  approach  of  the  gravity.  As  previous 
discussed  in  Section  2,  this  formalism  includes  quantum  backreaction  on  the  spacetime 
and  can  be  regarded  as  the  low-energy  effective  theory  of  QG.  The  semiclassical  gravity 
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is  described  by  the  effective  Einstein’s  equations  of  Eq.  (2.25)  with  the  renormalized 
vacuum  expectation  values  (T) tl/)  of  the  energy  momentum  tensor, 

(ft/iv  -  2  Rfh'v  +  ^9/j.w)  +  a  1  tfj'J  "b  a  2  a  3  Hj'^J  =  {T/W)ien  .  (3.1) 

The  trace  of  the  renormalized  energy  momentum  tensor  (T/W)r  n  lead  to  the  conformal 
anomaly.  Here  we  assume  that  there  exits  a  number  of  free  conformally  invariant 
fields  in  the  universe.  The  conformal  anomaly  contributions  of  Eq.  (2.30)  is  one-loop 
quantum  correction  and  therefore  the  description  based  on  Eq.  (2.30)  is  physically  exact 
as  long  as  RFuk\R^vkX  Mp.  If  this  is  not  satisfied  the  higher-loop  corrections  of  the 
matter  fields  or  the  graviton  cannot  be  neglected.  However,  the  one-loop  expression  is 
sufficient  to  estimate  the  behavior  of  the  system  approximately.  Furthermore,  we  can 
neglect  the  higher-loop  corrections  in  a  specific  theory  like  A7  =  4  Super  Yang  Mills 
(SYM)  theory  where  the  conformal  anomaly  is  one- loop  exact  [84-87].  For  this  reason, 
our  purpose  could  be  sufficiently  achieved  even  in  the  one-loop  expression.  The  general 
form  of  the  conformal  anomaly  for  four  dimensions  is  given  by 

(TM  )  ,  =  bF  +  b'E  +  cUR.  (3.2) 

The  dimensionless  parameters  b,  b'  and  c  of  the  adiabatic  (WKB)  approximation  are 
given  by: 


b  -  ~  120(4^)2  ( Ns  +  6Nf  +  l2^) ,  (3.3a) 

y  =  m&(N'  +  TN'+e2N°)'  (3-3b> 

c  =  ~  18Q(47r)2  ( Ns  +  ®nf  ~  18-/Vg)  ,  (3.3c) 


where  we  consider  Ns  scalars  (spin-0),  NF  Dirac  fermions  (spin-1/2)  and  Nq  abelian 
gauge  (spin-1)  fields.  These  parameters  6,  b'  and  c  can  be  rewritten  in  concrete  models. 
Now  we  disregard  all  spin-2  and  spin-3/2  degrees  of  freedom  since  gravity  is  treated 
as  purely  classical  background.  For  the  Minimal  Supersymmetric  Standard  Model 
(MSSM),  we  can  take  the  following  values:  Ns  =  104,  Np  =  32  and  Nq  =  12.  For  the 
Standard  Model  context,  we  take  the  following  values:  Ns  =  4,  Np  =  24  and  Nq  =  12 
where  we  consider  the  existence  of  the  right-handed  neutrinos.  Finally,  the  massless 
particle  in  current  universe  is  only  photon,  thus,  Ny  =  1,  Ns  =  0  and  Nq  =  0. 

The  effective  Einstein’s  equations  of  Eq.  (3.1)  describes  the  dynamics  of  the  back¬ 
ground  spacetime  or  the  Universe.  The  differential  equation  derived  from  the  Einstein 
held  equations  with  (^/J/J.)atK)maly  can  be  given  as  follows  [67-71]: 


.  ...  ..2  ...  2 
2a  a  a  2  aa 


/  2b'  \  a  1  A  1  a 
V  c  J  a4  8ttcG  3  87 tcG  a 2 


0, 


(3.4) 
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where  we  drop  the  gravitational  derivative  couplings  01,2,3  for  simplicity.  Note  that  a 
system  are  generally  destabilized  by  such  higher  derivative  terms  and  the  initial  condi¬ 
tions  must  be  highly  fine-tuned.  Formally,  this  instability  is  known  as  the  Ostrogradsky 
theorem  [88].  Now  let  us  rewrite  the  above  differential  equation  with  respect  to  the 
Hubble  parameter, 

6H2H  +  2HH  -  H2  --H4  -  —l—^  +  —'—H2  =  0.  (3.5) 

c  8ncG  3  87tcG 

To  capture  the  asymptotic  behavior  for  the  Hubble  parameter  in  the  effective  Einstein’s 
equations  we  ignore  the  time  derivative  term  of  Eq.  (3.5)  as  follows: 


H 4 


1  if2  +  1  — 

I67 rb'  G  I67 rb'  G  3 


0. 


(3.6) 


Solving  Eq.  (3.6)  we  obtain  the  asymptotic  expressions  for  the  Hubble  parameter  as 
follows: 


H2  = 


(3.7) 


which  are  completely  independent  of  the  coefficient  c.  Solving  Eq.  (3.7)  for  the  rela¬ 
tively  small  cosmological  constant  8b'A/3  <C  Mp  we  get  two  asymptotic/stable  infla¬ 
tionary  attractors, 


#c- 


Hn  ~  . , 

Q  11  16  irVG’ 


(3.8) 


where  Hq  turns  out  to  be  the  classical  de  Sitter  attractor  and  Hq  is  a  quantum  anomaly 
driven  attractor.  In  the  case  of  zero  cosmological  constant,  the  conformal  anomaly  can 
provide  us  with  anomaly-induced  inflation  scenario  discussed  by  [68-71]. 

Next,  let  us  numerically  solve  Eq.  (3.4)  and  investigate  the  stability  of  de  Sitter 
spacetime  involving  the  conformal  anomaly.  The  Eq.  (3.4)  and  Eq.  (3.5)  can  be  reduced 
to  the  first-order  differential  equation  [67,  71]: 


dy  _  b\x  -x  1/3  +  5/3) 

dx  6cy 


(3.9) 


by  adopting  the  following  variables: 


/  H  \3/2  H  1/2  dx 

x=[7r)  1  V  =  - >  rft  =  TT7 — JIT’ 

Q/  2  3  HQx2/3y 

where  we  introduce  Hq  =  MP / \f7Zbl .  Then,  the  slow-roll  parameter  can  be  rewritten 
with  respect  to  these  variables 
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Figure  1.  Phase  diagram  on  Eq.  (3.11)  as  a  function  of  x  and  y.  Left  figure  shows  the  Hubble 
phase  diagram  with  the  cosmological  constant  267A/3Mp  =  10— 0  '  and  assume  b'  =  8/457T2, 
c  =  — 1/367T2.  On  the  other  hand,  right  figure  shows  the  Hubble  phase  diagram  with  the 
cosmological  constant  26'A/3M|  =  10~0- '  and  set  b'  =  11/727 r2,  c  =  17/7207 r2.  The  above  two 
critical  points  correspond  to  the  classical  and  quantum  de  Sitter  solution  with  Hq  ~  A/ 3 
and  Hq  ~  Mp/yjW. 


Solving  Eq.  (3.9)  we  consider  the  following  two  differential  equations, 


dx 

dr 


3*2/V  A 

dr 


b'  (x5/3  —  x1/3  + 


2b' \  -1 

3 


2  c 


3  x2/3?/, 


(3.11) 


where  we  set  r  —  t  ■  Hq.  For  zero  cosmological  constant  case  A  =  0,  the  conformal 
anomaly  provides  stable  or  unstable  de  Sitter  attractors  [67,  71].  For  the  MSSM  particle 
content  where  b'  =  8/457T2  and  c  =  —  1/367T2,  the  phase  diagram  shows  a  nonsingular 
attractor  corresponding  to  the  inflationary  solution.  This  solution  reduces  the  initial 
or  big  bang  singularity  of  the  spacetime  [67].  For  the  SM  contents  where  b'  =  11/727T2 
and  c  =  17/7207T2,  the  phase  diagram  shows  a  singular  attractor. 

Generally,  the  cosmological  constant  should  be  required  to  realize  the  de  Sitter 
spacetime.  However,  the  conformal  anomaly  provides  a  new  de  Sitter  attractor  and 
gives  non-trivial  effects  on  the  de  Sitter  spacetime.  Fig.l  describes  the  Hubble  phase 
diagram  with  26'A/3Mp  =  10-0  7  for  b'  =  8/457T2,  c  =  —  1/ 367T2  and  b'  =  11/727T2,  c  = 
17/7207T2.  On  the  other  hand,  Fig.2  shows  the  Hubble  phase  diagram  with  2fe'A/3Mp  = 
10_2°.  Note  that  the  de  Sitter  solution  of  c  >  0  is  stable  under  small  perturbations 
of  the  Hubble  parameter  with  H  «  A1/2  whereas  the  de  Sitter  solution  of  c  <  0  is 
unstable  for  H  <C  A1/2.  Strangely,  the  existence  of  non-zero  cosmological  constant 
for  c  <  0  does  not  stabilize  (quasi)  de  Sitter  spacetime.  This  result  suggests  that  the 
continuousness  of  inflation  depends  on  initial  conditions  for  the  Hubble  paramter.  The 
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Figure  2.  Phase  diagram  on  Eq.  (3.11)  as  a  function  of  x  and  y.  Left  figure  shows  the  Hubble 
phase  diagram  with  the  cosmological  constant  267A/3Mp  =  10_2°  and  assume  b'  =  8/457T2, 
c  =  — 1/367T2.  On  the  other  hand,  right  figure  shows  the  Hubble  phase  diagram  with  the 
cosmological  constant  2i/A/3Mp  =  10~20  and  set  b'  =  11/727 r2,  c  =  17/7207T2.  The  above 
two  critical  points  correspond  to  classical/quantum  de  Sitter  attractor  with  Hq  ~  yf A/ 3  and 
Hq  ~  MP/^W. 


stability  of  classical  de  Sitter  solution  can  be  determined  by  the  sign  of  coefficient  c, 


c  >  0  Ng  >  —Ns  +  -NF. 

lo  o 


(3.12) 


Next,  let  us  discuss  the  dynamics  of  spacetime  for  H  m  A1/2  and  consider  the  case 
A1/2  <  MP  in  more  detail.  For  convenience,  we  rewrite  Eq.  (3.11)  using  new  variables 
w  and  z\ 
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where: 
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where  we  introduce  t'  =  t  ■  A1//2.  For  simplicity  we  approximate  Eq.  (3.13)  as  follows: 
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3  w2'3z,  ^ 


dz 

dr’ 


M2 
12  c  A 


w 


-1 


-  3  w2/3z, 


(3.14) 


which  clearly  show  the  strong  dependence  on  the  sign  of  coefficient  c.  Fig. 3  describes 
the  Hubble  flow  diagram  with  A/Mp  =  10-5'°  for  b'  =  8/457 r2,  c  =  —  1/367T2  and 
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Figure  3.  Phase  diagram  on  Eq.  (3.14)  as  a  function  of  w  and  z.  Left  figure  shows  the  Hubble 
phase  diagram  with  the  cosmological  constant  A/Mp  =  10“50  and  assume  b'  =  8/457T2, 
c  =  —  1/367T2.  Right  figure  shows  the  Hubble  phase  diagram  with  the  cosmological  constant 
A/Mp  =  10_5'°  and  set  b'  =  11/72tt2,  c  =  17/720tt2. 


b'  =  ll/72vr2,  c  =  17/7207T2.  The  de  Sitter  solution  of  c  <  0  breaks  down  the  slow-roll 
condition  of  Eq.  (3.10)  eventually  whereas  the  de  Sitter  solution  of  c  >  0  converges 
the  classical  de  Sitter  attractor  Hq  ~  ^/A/3.  Generally,  the  quasi  de  Sitter  solution  is 
destabilized  by  the  conformal  anomaly  as  described  by  Fig.l  and  can  settle  down  the 
classical  de  Sitter  attractor  only  for  the  specihc  conditions.  Here,  let  us  summarize 
conclusions  obtained  by  the  above  discussion  as  follows: 

•  For  c  <  0  and  H(to)  <  A,  the  de  Sitter  solutions  are  generally  destabilized  and 
the  expansion  of  spacetime  terminates:  H(t)  — »  0. 

•  For  c  <  0  and  H(t0)  >  A,  the  de  Sitter  solutions  approach  the  stable  critical 
point  corresponds  to  the  quantum  de  Sitter  attractor:  H(t)  — »  Mp/y/W. 

•  For  c  >  0  and  H(to)  -C  A,  the  de  Sitter  solutions  go  towards  the  infinity  and  the 
de  Sitter  expansion  of  spacetime  increases  continuously:  H(t)  — »  oo. 

•  For  c  >  0  and  A  <  H(to)  <  Mp/VZW,  the  de  Sitter  solutions  approach  the  stable 
critical  point  corresponds  to  the  classic  de  Sitter  attractor:  H(t)  — >  a/A/3. 

•  For  c  <  0  and  Mpj\[W  <  H(to),  the  de  Sitter  solutions  go  towards  the  infinity 
and  the  de  Sitter  expansion  of  spacetime  increases  continuously:  H(t)  — >  oo. 

where  we  assume  H(to)  =  0  at  the  initial  time  for  simplicity.  For  only  c  >  0  and 
A  <  H(to )  <  Mp/x/^Z,  the  quasi  de  Sitter  solutions  can  be  stable  under  small  metric 
perturbations  and  the  spacetime  does  not  change  drastically. 
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(a)  c  +  6(oi-  sa)  =  -10"2 


(b)  c  +  6  (ai  ^  x)  =  +10  2 


Figure  4.  Phase  diagram  on  Eq.  (3.16)  as  a  function  of  w  and  2  where  we  set  b'  —  (^  +  = 

_  10-2.°  allcj  yV/Af|  =  10-2.  Left  figure  shows  the  Hubble  phase  diagram  with  c+6  (aq  —  x)  = 
— 10~2.  Right  figure  shows  the  Hubble  phase  diagram  with  c  +  6  (a\  —  x)  =  +  10~2. 


Finally,  let  us  include  the  corrections  of  high-order  derivative  terms  H^J ,  H$ 

/on 

or  HfjJ  for  the  Hubble  flow  dynamics.  The  trace  of  effective  Einstein’s  equations  of 
Eq.  (3.1)  is  given  by 

R-  4A  =  Oi <r ffW  +  (129'"'+?  +  -  (7*) 

=  -  ( J  +  “3)  (r^  -  \r2)  -  6  («,  -  i02)  □*  -  (n>  (3  15) 

=  (f + f ) s  - 6  («‘  -  j“2) 


where  the  conformally  anomaly  can  be  removed  by  the  fast  and  second  term  on  the  right 
hand  side  of  Eq.  (3.15).  Let  us  rewrite  Eq.  (3.13)  including  the  high-order  derivative 
corrections  of  H$ ,  H$  and  H$  as  follows: 


dw 

dr' 

dz 

dr' 


3  w2/3z, 

(b  ~  i~8  +  "#))  (  U’5/3  “  2A(6'-(^  +  ^)) 



w 


1/3 


+ 


M| 


6A(fex(?  +  f)) 


W 


-1 


2(c  +  6(ai-f)) 


(3.16) 
3  w2/3z, 


where  we  allow  that  all  possibilities  of  111,2,3  exist  since  we  do  not  know  the  physical 
value  of  these  parameters.  The  high-order  derivative  terms  can  provide  a  negative 
contribution  against  b'.  In  Fig.4  we  show  that  the  Hubble  phase  diagram  on  Eq.  (3.16) 
as  a  function  of  w  and  z.  For  simplicity,  we  set  these  parameters  to  be  b'  —  = 
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—  1CT20  and  A/Mp  =  10-2.  In  the  left  figure  we  assume  c  +  6  (ai  —  =  —  1CF2 

whereas  we  set  c  +  6  —  ^f)  —  +10~2  in  the  right  figure.  Note  that  the  de  Sitter 
solutions  of  c  >  0  are  unstable  under  small  metric  perturbations  for  b'  —  <  0. 

Here,  let  us  summarize  the  stability  condition  of  the  quasi  de  Sitter  solution  as  follows: 

A<#(t0)<MP  (y  +  y)}  {c  +  6  (fli _  t)}  >0’  (3-17) 

which  ensures  the  stability  of  the  classic  de  Sitter  attractor  and  the  existence  of  de 
Sitter  spacetime.  The  quantum  gravitational  effects  involving  the  conformal  anomaly 
and  the  high-order  derivative  terms  generically  destabilize  the  spacetime  and  the  cosmic 
inflation  can  not  last  long  under  reasonable  assumptions. 

4  De  Sitter  instability  and  eternal  inflation 

In  this  section  we  briefly  discuss  the  cosmological  application  of  the  de  Sitter  instabil¬ 
ity  and  especially  focus  on  eternal  inflation.  The  inflation  assume  that  our  universe 
experienced  a  quasi  de  Sitter  expansion  [89-92]  and  provides  elegant  solutions  for  the 
horizon,  flatness  problems,  and  also  generate  seeds  of  primordial  density  perturbations 
which  finally  constructs  galaxies  and  large-scale  structure.  It  is  the  most  reasonable 
scenarios  for  the  early  universe.  However,  the  inflation  is  generically  eternal  [93]  under 
reasonable  assumptions.  The  eternal  inflation  has  been  classified  into  three  types,  old 
inflation,  new  inflation  and  chaotic  inflation  models.  Here,  we  discuss  whether  the  de 
Sitter  instability  considered  in  previous  Section  3  restricts  the  eternal  old  inflation, 
new  inflation  and  chaotic  inflation. 

The  old  and  new  inflationary  models  are  thought  to  be  generically  eternal  [94,  95]. 
These  models  assume  that  some  patches  of  the  early  universe  were  the  false  vacuum 
and  slowly  rolled  down  the  true  vacuum  state.  The  patches  of  the  true  vacuum  stop 
the  de  Sitter  expansion  and  the  vacuum  energy  transfers  into  a  hot  dense  plasma. 
But  the  entire  universe  does  not  stop  the  inflation.  Although  the  false  vacuum  finally 
collapses,  the  decay  of  the  false  vacuum  is  a  suppressed  process  but  most  of  the  patches 
expands  exponentially.  In  this  sense,  the  inflation  of  the  entire  universe  does  not  come 
to  an  end  and  is  usually  eternal.  The  process  creates  an  infinite  number  of  local 
universes  with  the  true  vacuum  are  often  called  bubble  or  pocket  universes.  Thus,  it  is 
considered  that  once  inflation  happens,  it  creates  an  infinite  number  of  universes  and 
leads  to  the  multiverse.  However,  the  de  Sitter  instability  from  quantum  backreaction 
could  drastically  change  the  picture  of  the  multiverse.  The  false  vacuum  state  has 
the  positive  cosmological  constant  which  cause  the  de  Sitter  expansion  of  the  entire 
universe.  However,  the  quantum  backreaction  can  destabilize  the  de  Sitter  expansion 
and  terminate  the  inflation  of  the  false  vacuum  state.  Therefore,  the  old  and  new 
inflation  could  not  be  eternal  if  the  de  Sitter  spacetime  is  destabilized  from  quantum 
backreaction. 

Let  us  discuss  a  relation  of  the  eternal  old  (new)  inflation  and  the  de  Sitter 
instability  in  more  detail.  We  consider  the  inflaton  potential  of  Fig. 5  as  a  example  of  the 
old  inflation  models  [96]  and  review  the  false  vacuum  decay  in  de  Sitter  spacetime.  The 
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process  of  the  gravitationally  induced  vacuum  decay  can  be  describe  by  the  Coleman- 
de  Luccia  (CdL)  formalism  [97]  which  corresponds  to  the  vacuum  bubble  nucleation. 
The  vacuum  decay  rate  in  curved  spacetime  is  given  by  [97] 

rdecay  =  Hexp(-H),  (4.1) 


where  A  is  a  prefactor  and  B  is  given  by  the  difference  between  the  action  of  the  bounce 
solution  and  the  action  of  the  false  vacuum  as  follows: 


B  =  SE(<f>)-SE(<i>fy), 

which  is  determined  by  the  Euclidean  action: 


dAXy/—g 


l-V^V^+V(4>) 


(4.2) 


(4.3) 


To  discuss  instanton  mediated  vacuum  transitions  in  curved  spacetime  we  consider  the 
Euclidean  analogue  of  cosmological  spacetime:  ds 2  =  dy2+o2(y)dh2|  where  y2  =  t2+r2, 
a(x)  is  the  Euclidean  scale  factor  and  dVt\  is  the  metric  of  a  3-sphere.  The  equations 
of  motion  in  this  case  are  written  as  [98] 


0+-0-E'(0)=  0, 

a 


a2  =  1  + 


3Mp 


Solving  these  equations  the  decay  exponent  B  can  be  taken  as 

94-7T2  M4  r°° 

B  =  w f  -  27T2  /  dxa\x)V(M) 

V  (0fv)  Jo 


(4.4) 

(4.5) 


(4.6) 


The  trivial  solution  of  the  Euclidean  equations  of  motion  in  de-Sitter  spacetime  assumes 
that  the  field  stays  on  the  top  of  the  potential.  This  solution  is  known  as  the  Hawking- 
Moss  instanton  [99], 


0(x)  0max;  o(x) 


V3MP  .  ( V  (</>max)1/2  \ 
^(0max)1/2S1H  VSMp  X )' 


For  this  solution  the  decay  exponent  B  is  given  by 


B 


247r2Mp 


1 

V(cP  fv) 


1  \  _  8n2V (0max) 

17 (0max)  /  ^  3 if4 


(4.7) 


(4.8) 


which  represents  the  probability  that  thermal  fluctuation  with  the  Gibbons-Hawking 
temperature  Tqh  =  H/2ir  pushes  the  inflaton  held  from  the  false  vacuum  to  the  top 
of  the  potential.  On  the  other  hand  the  Coleman-de  Luccia  (CdL)  instanton  can  be 
interpreted  as  that  thermal  fluctuation  pushes  (j)  partially  and  the  pushed  (j)  goes  out 
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Figure  5.  A  schematic  picture  of  eternal  old  inflation.  Region  1  proceeds  quantum  tunneling 
from  false  vacuum  into  low-energy  vacuum  state.  Region  2  proceeds  slow-roll  inflation.  Region 
3  ends  inflation  and  begins  reheating. 


to  true  vacuum  through  quantum  tunneling.  If  the  potential  barrier  is  compared  with 
the  Hubble  scale,  the  CdL  instanton  does  not  necessarily  exist  [100]  and  the  transition 
is  described  by  the  Hawking-Moss  instanton.  Note  that  the  Hawking-Moss  transition 
should  be  interpreted  as  an  entire  Hubble- volume  tunneling  [100,  101],  and  the  vacuum 
transition  occurs  on  only  one  Hubble  patch  not  the  entire  universe,  and  moreover,  it 
is  a  exponentially  suppressed  process.  However,  the  number  of  the  Hubble  patches 
exponentially  increases, 


A/'patch  ~  exp  (3 Ht)  (4.9) 

which  overcomes  the  vacuum  decay  rate  in  de  Sitter  spacetime.  Thus,  the  number  of 
the  false  vacuum  patches  exponentially  increases  with  Hubble  time, 

A/Lflation  ~  A/patch  ‘  (1  ~  Tdecay)Ht  ~  eHt  {3+ln  (^ecay)}  ^  (4.10) 

and  the  inflation  as  a  whole  universe  is  always  eternal.  However,  the  quantum  gravita¬ 
tional  effects  involving  the  conformal  anomaly  can  destabilize  the  de  Sitter  expansion 
of  the  background  spacetime  as  previously  discussed  in  Section  3.  For  instance  in  the 
case  H{t)  — »  0  the  inflation  of  the  false  vacuum  terminates  and  therefore  the  eternal 
new  inflation  does  not  happen.  On  the  other  hand  in  the  case  H(t)  — >  Mp  the  gravita¬ 
tional  false  vacuum  decay  is  enhanced  and  the  backreaction  of  the  thermal  fluctuation 
of  the  cosmological  horizon  with  Tqp  =  H/2n  to  the  inflaton  potential  can  not  be 
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ignored  as  follows: 


v  (<t>)  — ► v  (<t>)  +  o  (ra„)  4?  +  o  (r‘H) .  (4.11) 

where  Tqh  — >  Mp.  The  de  Sitter  thermalization  or  quantum  backreaction  could  modify 
the  inflaton  potential  or  lead  to  the  spontaneous  symmetry  restoration  [102]  on  the 
entire  Universe.  Thus,  the  quantum  gravitational  effects  drastically  changes  scenarios 
of  the  old/new  inflation  and  they  are  not  eternal  without  the  specific  conditions. 

Next  let  us  discuss  eternal  chaotic  inflation  models.  The  chaotic  inflation  can 
also  be  eternal  by  quantum  fluctuation  [103-105].  The  quantum  fluctuation  on  the  de 
Sitter  spacetime  can  be  considered  as  a  brownian  fluctuation  of  H / 2ti  at  time  intervals 
H -1.  The  each  Hubble  patches  experience  different  random  walks  and  the  vacuum 
expectation  value  (<502)  varies  in  each  patches. 

{64?)  =  (4-12) 

We  assume  regions  separated  by  a  distance  l  and  definite  the  distance  time  ti  as  l  = 
H~x  exp  H  (t  —  ti).  When  the  distance  l  becomes  larger  than  horizon-size,  the  held 
values  0  becomes  different  by  the  quantum  fluctuation.  The  mean-square  held  variation 
for  the  distance  l  is  written  as 

o' 3  o  2 

(5<f>2)  ~  4^2  (^i)  ~  4^2  (4-13) 

Due  to  this  variation,  the  reheating  process  does  not  occur  simultaneously  in  different 
region  of  the  entire  universe.  The  presently  observable  universe  is  sufficiently  homo¬ 
geneous  and  isotropic.  Therefore,  the  region  of  the  visible  universe  should  have  been 
simultaneously  thermalized  with  very  small  fluctuation  although  the  universe  on  much 
large  scale  have  large  deviations  from  homogeneity  and  isotropy  [106].  We  consider  the 
probability  P(0,  £)  in  one  Hubble  patch  (j)  <  H  at  time  t.  The  scalar  hied  0  exhibits 
brownian  motion  of  step  +/h/2(/r  and  —H/2n.  The  probability  P  (0,  t)  in  one  Hubble 
patch  is  given  as  follows, 

p  tt,t)  ~  =e-'"1"2.  (4.14) 

Thus,  the  probability  P  (0,  t)  in  one  Hubble  patch  is  very  small  at  the  sufficient  time. 
Most  of  the  Hubble  patches  ends  the  inflation  and  begins  the  reheating.  But,  the  total 
number  of  Hubble  patches  increases  A/"patch  ~  exp  (3 Ht)  and  the  number  of  Hubble 
patches  continuing  the  inflation  grows  exponentially  with  time, 

^/'inflation  ~  -A^patch  '  P  (0,  t)  =  e^-(3-ln2)  ^  e2-3 Ht  (4T5) 

Most  of  the  Hubble  patches  of  the  universe  are  still  during  the  inflation  and  the  whole 
universe  is  eternally  expanding.  Our  universe  is  regarded  as  a  small  region  of  the 
whole  universe  which  has  deviated  from  the  eternal  inflation.  However,  the  de  Sitter 
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instability  from  quantum  backreaction  involving  the  conformal  anomaly  restrict  the 
possibility  of  the  eternal  chaotic  inflation.  For  instance  in  the  case:  H(t)  — y  0  the 
inflation  of  these  patches  terminates  and  therefore  the  eternal  inflation  would  not 
happen.  On  the  other  hand  in  the  case:  H(t )  — y  Mp,  the  inflaton  potential  acquires 
the  effective  mass  O  (TqH)  q l2  and  might  break  down  the  slow-roll  condition  although 
the  scenario  in  the  case  of  chaotic  inflation  strongly  depends  on  the  potential. 

Let  us  summarize  the  argument  in  Section  4.  The  quantum  gravitational  effects 
involving  the  conformal  anomaly  and  the  high-order  derivative  corrections  destabilize 
the  de  Sitter  spacetime  and  drastically  change  a  eternal  picture  of  old,  new  and  chaotic 
inflation  models.  For  H(t)  — >  0,  the  inflation  inevitability  terminates.  For  H(t)  — >  Mp, 
the  inflation  strongly  depends  on  the  potential. 

5  Conclusion  and  Summary 

In  the  present  paper  we  have  discussed  the  de  Sitter  instability  from  quantum  backre¬ 
action  involving  the  conformal  anomaly.  The  instability  of  (quasi)  de  Sitter  spacetime 
from  quantum  gravitational  effects  has  been  discussed  in  many  works.  Especially,  the 
gravitational  particle  production  or  thermal  feature  of  the  de  Sitter  spacetime  sug¬ 
gest  that  the  (quasi)  de  Sitter  spacetime  might  not  be  stable.  In  order  to  investigate 
the  stability  of  the  de  Sitter  spacetime  we  have  focused  on  the  conformal  field  theory 
(CFT)  and  discussed  quantum  backreaction  involving  the  conformal  anomaly. 

The  conformal  or  trace  anomaly  corresponds  to  the  quantum  gravitational  contri¬ 
butions  of  the  massless  conformal  fields  and  affects  the  background  spacetime  homo¬ 
geneously.  First,  we  have  derived  the  conformal  anomaly  using  the  adiabatic  (WKB) 
approximation  and  discussed  the  renormalization  of  the  quantum  energy  momentum 
tensor.  We  have  clearly  shown  that  the  ambiguity  of  the  conformal  anomaly  can  be 
reduced  by  taking  the  adiabatic  (WKB)  approximation  method.  Then,  we  have  consid¬ 
ered  the  dynamics  of  the  Hubble  parameter  based  on  the  semiclassical  Einstein’s  equa¬ 
tions  with  the  cosmological  constant,  the  conformal  anomaly  and  the  higher-derivative 
terms.  We  have  clearly  shown  that  the  quasi  de  Sitter  solutions  are  generally  unstable 
from  the  viewpoint  of  the  semiclassical  gravity  and  it  can  settle  down  the  classical  de 
Sitter  attractor  Hq  ~  ^/A/3  only  for  the  specific  conditions.  We  have  obtained  the 
stability  condition  of  the  classical  de  Sitter  solutions, 

A  <  Hit,)  <  Mp  -  (y  +  y)  }  {c  +  6  (fli  -  j)  }  >  °- 

Our  results  suggest  that  the  quasi  de  Sitter  spacetime  is  not  stable  and  the  infla¬ 
tion  is  destabilized  except  for  the  specific  conditions.  Under  reasonable  assumptions 
the  inflation  finally  becomes  the  Planckian  inflation  with  the  Hubble  scale  H  «  Mp  = 
a/1/87tGat  or  terminates  H(t)  — >  0.  Therefore,  the  quantum  gravitational  effects  with 
the  conformal  anomaly  and  the  high-order  derivative  corrections  drastically  change 
a  picture  of  the  eternal  old,  new  and  chaotic  inflation.  For  H(t)  — >  0  the  inflation 
inevitability  terminates.  For  H(t )  — »  Mp/y/W  or  H(t)  — y  oo  the  final  state  of  the 
inflation  strongly  depends  on  the  potential. 
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A  Geometrical  tensors  in  FLRW  metric 

In  the  FLRW  metric,  the  Ricci  tensor  and  the  Ricci  scalar  are  given  as  follows: 


(A.l) 
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